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We analyse the Cauchy problem on a characteristic cone, including its vertex,
for the Einstein equations in arbitrary dimensions. We use a wave map gauge,
solve the obtained constraints and show gauge conservation.
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1. Introduction
The Einstein equations in vacuum express the vanishing of the Ricci tensor
of a Lorentzian metric. They are interesting in arbitrary dimensions for the
mathematician and for the physicist looking for unification of the funda-
mental interactions. For the analyst they appear as a system of N partial
differential equations for the N components of the metric, this system is in-
variant by diffeomorphisms, and badly posed, having a characteristic deter-
minant identically zero. It has been known for a long time that the Cauchy
problem with data on a spacelike hypersurface splits into constraints to
be satisfied by initial data, which can be formulated as an elliptic system
acting on free arbitrary data, and a hyperbolic evolution system which de-
pends on a gauge choice. An interesting physical problem is for data on a
characteristic cone, i.e. the boundary of the future of one point, generated
by the light rays issued from that point. The problem has common and also
different aspects from the spacelike Cauchy problem. Compared with the
case of initial data prescribed on a pair of intersecting null hypersurfaces
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treated before in spacetime dimension four6,10 it presents new mathemati-
cal difficulties due to its singularity at the vertex, and only partial results2
have been obtained before, with no treatment of the light-cone constraints
so far, even in dimension four. We present an approach to the solution of
the Einstein equations with data on a characteristic cone in all dimensions
n+ 1 ≥ 3 using a wave-map gauge.
2. Wave-map gauge.
Harmonic coordinates have been used for a long time to study evolution of
solutions of the Einstein equations, they are only locally defined in general,
and non tensorial. The wave-map gauge provides conditions which are ten-
sorial and global in space. A metric g on a manifold V will be said to be
in gˆ-wave-map gauge if the identity map V → V is a harmonic diffeo-
morphism from the spacetime (V, g) onto the pseudo-Riemannian manifold
(V, gˆ) (see Ref. 3). The wave-gauge vector H is given in arbitrary coor-
dinates by the formula, with Γλαβ and Γˆ
λ
αβ the Christoffel symbols of the
metrics g and gˆ,
Hλ := Γλ −Wλ , with Γλ := gαβΓλαβ , W
λ := gαβΓˆλαβ . (1)
The Ricci tensor of the spacetime metric g satisfies the identity with Dˆ the
covariant derivative in the metric gˆ
Rαβ ≡ R
(H)
αβ +
1
2
(gαλDˆβH
λ + gβλDˆαH
λ) (2)
where R
(H)
αβ (g), called the reduced Ricci tensor, is a quasi-linear, quasi-
diagonal operator on g, tensor-valued, depending on gˆ.
In the case in which the target metric is the Minkowski metric η, with
covariant derivative denoted by D, the reduced Einstein equations read in
vacuum
Ricci(H)(g) ≡ −
1
2
gλµDλDµg +Q(g)(Dg,Dg) = 0 , (3)
with Q(g)(Dg,Dg) a quadratic form in Dg with coefficients analytic in g
as long as g is not degenerate.
3. Characteristic Cauchy problem for quasilinear wave
equations.
The reduced Einstein equations (3) form a quasi-linear, quasi-diagonal sys-
tem of wave equations for the Lorentzian metric g. It is known since Leray’s
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work8 on hyperbolic systems, that, in the linear case, the Cauchy problem
for such systems on a given globally hyperbolic spacetime is well posed if
the initial manifoldM0 is “compact towards the past”; that is, is intersected
along a compact set by the past of any compact subset of V . However the
data depends on the nature of M0 and the formulation of a theorem re-
quires care. In the case of a wave equation with M0 a null hypersurface,
except at some singular subsets (intersection in the case of two null hyper-
surfaces, vertex in the case of a null cone) the data is only the function, not
its transversal derivative, with some hypotheses which need to be made as
one approaches the singular set.
Following a theorem proved by Cagnac,1 Dossa7 proved well posedness
of the Cauchy problem for quasilinear wave equations of the form
Aλµ(y, v)∂2λµv + f(y, v, ∂v) = 0, y = (y
λ) ∈ Rn+1, ∂λ :=
∂
∂yλ
, (4)
with initial data given on a subset, including its vertex O, of a characteristic
cone CO
v¯ := v|CO = φ, (5)
which is the restriction of a smooth spacetime function.
Both Cagnac and Dossa assume that there is a domain U ⊂ Rn+1 where
the characteristic cone CO of vertex O is represented by the cone
a in Rn+1
CO := {x
0 ≡ r − y0 = 0} , r2 :=
∑
i=1,...,n
(yi)2.
The initial data φ is assumed to be defined on the domain
CTO := CO ∩ {0 ≤ t := y
0 ≤ T }.
One denotes by YO := {t := y
0 > r} the interior of CO and sets
Y TO := YO ∩ {0 ≤ y
0 ≤ T } , (6)
Σt := CO ∩ {y
0 = t} , diffeomorphic to Sn−1 , (7)
St := YO ∩ {y
0 = t} , diffeomorphic to the ball Bn−1 . (8)
An existence theorem which can be used for the Einstein equations is
Theorem 3.1. (Cagnac-Dossa) There is a number T0 > 0 such that the
problem (4)-(5) has one and only one solution v, smooth in Y T0O , if
aIt is known, using normal coordinates, that a null cone in a C1,1 Lorentzian spacetime
always admits such a representation in a neighbourhood of its vertex; the null geodesics
which generate it are represented by the lines where r only varies.
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1. There is an open set U × W ⊂ Rn+1 × RN , Y TO ⊂ U where the
functions Aλµ are smooth in y and v, the quadratic form Aλµ has Lorentzian
signature; it takes the Minkowskian values for v = 0.
2. a. The function φ takes its values in W. The cone CTO is null for the
metric Aλµ(y, φ) and φ(O) = 0.
b. φ is the trace on CTO of a smooth function in U.
More refined hypotheses and conclusions on functional spaces for data
and solutions are given in Ref. 7, but there seems to be some difficulty to
apply the result to initial data admissible for the Einstein equations.
4. The case of Einstein equations.
Theorem 3.1 applies to the reduced Einstein equations in vacuum (3) on
Rn+1: these equations take the form (4) for the unknown v = g − η if the
target of the wave-map is the Minkowski spacetime whose metric η takes
in the coordinates y of Rn+1 the canonical form
η ≡ −(dy0)2 +
∑
(dyi)2. (9)
We formulate the theorem as follows.
Theorem 4.1. Let g¯ be the trace on CTO of a Lorentzian metric G smooth
in a neighbourhood of CTO and such that G(O) = η. Then there exists T0,
0 < T0 ≤ T, such that the reduced vacuum Einstein equations Ricci(g)
(H) =
0 admit one and only one solution in Y T0O , which is a smooth Lorentzian
metric g(H) = η + h, with h taking the value G¯− η¯ on CT0O .
The problem is now to find conditions under which a solution of the
reduced equations satisfy the full Einstein equations.
Theorem 4.2. A Lorentzian metric g solution of the reduced Einstein
equations in wave-map gauge Ricci(H)(g) = 0 in Y T0O is a solution of the
full Einstein equations Ricci(g) = 0 if the wave gauge vector H vanishes
on CT0O .
Proof. The Bianchi identities
∇αS
αβ ≡ 0, Sαβ := Rαβ −
1
2
gαβR
imply that for a smooth solution of the reduced Einstein equations the wave-
gauge vector H satisfies the quasidiagonal linear homogeneous system of
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second order equations with principal term the wave operator in the metric
g,
∇αD
αHβ +∇αD
βHα −∇βDαH
α = 0. (10)
These equations imply that H = 0 in Y T0O if its trace H¯ on C
T0
O vanishes.
One has to find conditions under which the trace H¯ on CT0O of the wave
gauge vector H vanishes: these will lead to constraints on the initial data.
5. Adapted null coordinates.
Two facts have to be stressed
1. The values H¯ on CO of the wave gauge vector H depend not only on
the initial data g¯, but also on derivatives transversal to the cone.
2. The trace g¯ of a spacetime metric g is not invariant under isometries
preserving CO.
The following theorem has some analogies with the theorem concerning
the case of spacelike initial data.
We denote by S¯αβ := R¯αβ −
1
2 g¯αβR¯ the trace on CO of the Einstein
tensor, by ℓ a field of null vector fields tangent (and also normal) to CO.
Theorem 5.1. The operator S¯αβℓ
β is a sum Lα + Cα where Lα vanishes
when H¯ = 0 while Cα depends only on the data g¯ and the choice of the
target space of the gauge wave map.
An immediate consequence of this theorem is that a Lorentzian metric
g taking an initial value g¯ on a null cone CTO and solution of the reduced
Einstein equations in wave gauge in the future of CTO is solution of the
original Einstein equations only if g¯ satisfies the constraints Cα = 0. The
converse statement will be a consequence of the explicit expressions of the
Lα.
The proof of Theorem 5.1 requires the introduction of adapted coordi-
nates.
Coordinates adapted to a null cone.
The yα are coordinates defining the differentiable structure of Rn+1, :
t ≡ y0, yi, i = 1, ...n, r2 := Σi(y
i)2, we have chosen the target Minkowski
metric to be given by (9) in these coordinates.
The xα coordinates, adapted to the null structure of the cone CO: x
0 =
r − y0, are defined to be x1 = r, xA local coordinates on the sphere Sn−1.
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On the null cone CO := {x
0 = 0} of a Lorentzian metric g the trace g¯ of
g on CO is such that g¯
00 = 0 . If the coordinates x1 and xA are chosen
such that on CO it holds that
∂
∂x1
≡ ℓ, the null direction, then g¯11 = 0 and
g¯1A = 0, hence g¯
0A = 0; that is, the trace g¯ reduces to
g¯ := g¯00(dx
0)2 + 2ν0dx
0dx1 + 2νAdx
Adx1 + g˜,
where g˜ := g¯ABdx
AdxB is a positive definite quadratic form induced on
CO by the embedding of g in (R
n+1, g). In the x coordinates the Minkowski
metric (9) reads
η := −(dx0)2 + 2dx0dx1 + (x1)2sn−1,
with sn−1 := sABdx
AdxB the metric of the unit sphere Sn−1.
Remark that while g˜ is invariant under isometries of g, the other com-
ponents of g¯ are gauge dependent.
The following fundamental theorem completes Theorem 5.1. It holds on
any null hypersurfaceb.
Theorem 5.2. In adapted null coordinates:
1. The operators Cα are a hierarchy of ordinary differential operators
for the coefficients of g¯ along the generators.
2. The operators Lα lead to a hierarchy of linear homogeneous first order
operators for the components H¯α if the spacetime metric g satisfies on CO
the reduced Einstein equations.
To write the Cα and Lα one introduces the null second fundamental
form, Lie derivative of g˜ with respect to ℓ, given in adapted coordinates by
χAB := ∇AℓB ≡
1
2
∂1g¯AB. (11)
and denotes by τ the mean null extrinsic curvature
τ :=
1
2
g¯AB∂1g¯AB. (12)
6. C1 constraint.
The first constraint C1 = 0 is
S¯αβℓ
αℓβ ≡ S¯11 ≡ R¯11 = 0.
bFor dimension n = 3 and harmonic coordinates the part 1 is proved in Ref. 10 and the
constraints Cα explicitly constructed in Ref. 6.
March 23, 2018 23:32 WSPC - Proceedings Trim Size: 9in x 6in wascom3˙ws
7
Computation gives (indices raised with g˜), with Γ¯1 ≡ W¯1 + H¯1
R¯11 ≡ −∂1τ + ν
0∂1ν0τ −
1
2
τ(Γ¯1 + τ)− χA
BχB
A
hence
R¯11 ≡ C1 + L1, L1 ≡ −
1
2
τH¯1,
and denoting by σ denotes the traceless part of χ,
σBA := χ
B
A −
1
n− 1
δBAτ |σ|
2 := σBAσ
A
B ,
C1 ≡ −∂1τ −
τ2
n− 1
+ τ{ν0∂1ν0 −
1
2
(W¯1 + τ)} − |σ|
2 = 0,
We remark that σBA depends only on the conformal class of g˜; if g˜ ≡ ϕ
2γ
then
σBA ≡
1
2
{γBC∂1γAC −
1
n− 1
δBA∂1 log |γ|}, |γ| := det γ
The free data will be a representant γ of this conformal class.
6.1. Solution of the C1 constraint.
One can replace the constraint C1 by the two equations, one containing only
τ
∂1τ +
τ2
n− 1
+ |σ|2 = 0, (13)
and an equation for ν0 which can be solved only after g˜, i.e. a conformal
factor ϕ deduced from τ, is determined
ν0∂1ν0 −
1
2
(W¯1 + τ) = 0, with ν0(O) = 1. (14)
When |σ|2 = 0 the solution corresponding to a Minkowski cone CO is
τ = n−1
r
. In the general case one proves existence on CTO of a positive
τ, with n−1
r
− τ tending to zero at O, if T is small enough; T = ∞ if∫
∞
0 r
2|σ|2dr is small enough. One also sees that if there exists r1 > 0 such
that ∫ r1
0
r2|σ|2(r, xA)dρ ≥ (n− 1)r1 ,
then τ vanishes at a finite r ≥ r1 along this generator, possibly leading then
to an outer trapped surface.
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Knowing τ one uses a first order equation for ϕ,
∂1 logϕ =
1
n− 1
(τ − ∂1(log det γ)
1
2 ), with ϕ(0) = 1.
Knowing ϕ, hence g˜ := ϕ2γ, one shows that (14) has one and only one
smooth solution tending to 1 at the vertex O. This ν0 has no zeros on CO
if
∫
∞
0
r2|σ|2dr is small enough.
6.2. Vanishing of H¯1.
The identities
R¯11 ≡ R¯
(H)
11 + ν0D1H¯
0 ≡ C1 + L1, H¯1 ≡ ν0H¯
0
show that a solution of the characteristic Cauchy problem with data on CO
for the reduced Einstein equations, i.e. such that R¯
(H)
11 = 0, and initial data
satisfying the constraint C1 is such that H¯
0 satisfies a linear homogeneous
differential equation on CO, which implies H¯
0 = 0,
D1H¯
0 +
1
2
H¯0τ = 0.
Remark: Since H¯1 ≡ ν0H¯
0 = 0 the equation chosen for ν0 implies that x
1
is an affine parameter on the null geodesic. The C1 constraint appears then
as the gauge independent Raychaudhuri equation.
7. CA and C0 constraints.
One finds
S¯1A ≡ R¯1A ≡ CA + LA,
with, when H¯1 = 0,
LA ≡ −
1
2
{∂1H¯A + τH¯A}
while CA is a linear second order differential operator
c along the generators
ℓ with only unknown νA when g˜ is known.
Also
S¯01 ≡ C0 + L0,
with when C1 = CA = L1 = LA = 0
cThe explicit formulas have been obtained by algebraic computing.9
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L0 ≡ −∂1H¯0 +
1
2
(W¯1 − τ)H¯0
and C0 a linear second order differential operator along the generators ℓ for
the only remaining unknown g¯00.
The expressions of the L’s together with the identities (10) allow to
prove the vanishing of the H¯ ’s. The differential equations for νA and α :=
g¯00 + 1 have singularities at the vertex x
1 = 0 but can be proved to have
solutions vanishing at the vertex together by the product by x1 of their
first derivatives. These solutions are global and give a Lorentzian metric as
long as τ > 0 and ν0 > 0.
8. Conclusions.
8.1. Existence.
The Einstein wave map gauge constraints have a solution on CT0O if T0 is
small enough. The solution is global on CO if
∫
∞
0
r2|σ|2dr is small enough.
In the vacuum case the problem of evolution has then a smooth solu-
tion in Y T0O if the constructed initial data g¯ is the trace on CO of a smooth
Lorentzian metric. We conjecture that this property holds when the free
data γ is induced on CO by a smooth Lorentzian metric. An explicit nec-
essary and sufficient condition on γ for a C2 solution can be given in terms
of tensor spherical harmonics.
8.2. Local geometric uniqueness.
The components of the trace g¯ on a codimension 1 submanifold M of a
metric g of a manifold V are defined in arbitrary coordinates, but they
don’t obey a tensorial transformation law under a diffeomorphism which
preserves M. An invariant geometric quantity on M is the pull back of g
by the identity map f given by the embedding of M into V ; that is, the
quadratic form g˜ in the case where M is the null submanifold C0.
The previous results lead to the following theorem.
Theorem 8.1. A spacetime (V, g) solution of the vacuum Einstein equa-
tions in the future of a characteristic cone is uniquely determined, up to
isometry, by the conformal class of the degenerate quadratic form induced
on CO by g.
March 23, 2018 23:32 WSPC - Proceedings Trim Size: 9in x 6in wascom3˙ws
10
9. Open problems
Analytic rigorous study of the asymptotic behaviour as r tends to infinity.
Global existence of evolution for small data.
Formation of trapped surfaces and black holes (problem treated in Ref.
5 for n = 3 and data Minkowskian in a neighbourhood of the vertex).
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